Abstract. A novel algoriihm is described for evaluating the quadrature (that is, the in and out of phase) components of a signal without explicit multiplication. An additional advantage is that it requires the storage of only three values irrespective of the total number of samples analysed. The algorithm thus allows a computer-based impedance spectrometer to measure quadrature components effectively in real time with very high precision. Implementation of this approach requires that the stimulus and sampling frequencies be accurately related via certain integer ratios. A computer-controlled digital synthesizer is described that can produce the necessary signals.
Introduction
The behaviour of a system stimulated at a particular AC frequency is often characterized by the real and imaginary components of its response. These correspond to the relative fractions of the response that are in phase and at 90" to some reference and will be denoted by a and p respectively. In this article each pair of these components at 90" to each other (namely c( and p) will be referred to collectively as the 'quadrature components'. The complex admittance or impedance of the system can then be derived from the ratio of the stimulus to the response.
Most experiments now use a digital approach in which the stimulus and the response are digitized at N equally spaced instants of time and stored. Analysis of the stored data typically involves application of the discrete Fourier transform to each measured time series. If N is the product of integers, then analysis is accelerated by use of one of the fast Fourier transforms (FFT) . Several common stimuli include random noise, square waves and sinusoidal signals.
A sinusoidal stimulus offers several experimental advantages. in particular that it allows optimal recovery of a response in the presence of noise. The theoretical analysis of most systems is also greatly simplified, particularly if the transfer function can be assumed to be linear. Such experiments usually require evaluation of the quadrature components at only the frequency of the sinusoidal stimulus. In these situations a m will perform many unnecessary calculations.
Measurements of the electrical impedance of biological and artificial membranes can be used to yield information on their structure and charge transport mechanisms. The frequency range of interest extends from millihertz to megahertz and often requires precision exceeding 0.1%. ( Measurements on living cell membranes also need to be made as rapidly as possible for reasons that include: (i) the electrical characteristics of many membranes continually vary because they are involved in multiple feedback networks that control the transport of material between the inside and outside of each cell; (ii) intracellular measurements can involve the insertion of micropipettes into the cell interior and these are often 'sealed' by the cell after a few minutes; and (E) many of the transient processes of interest (such as excitation) may only last a few milliseconds. Consequently our interest in the structure and function of membranes has required examination of techniques for rapid measurement of impedance.
This paper considers approaches that allow the quadrature components and hence the impedance to be measured as rapidly as possible. An algorithm is discussed that aliows the information necessary for calculating the impedance to be accumulated in real time. The algorithm is particularly suited to digital computation.
The Goertzel algorithm
The following algorithm for extracting Fourier components was described by Goertzel (1960) . It determines the quadrature components at a single frequency from N equally spaced data points that occupy exactly p cycles, where p is an integer. The phase angle between successive data points at this frequency is thus 8. where
The algorithm involves calculating a variable U i from each data point D i , where the U: are defined recursively as follows:
The quadrature components G( and /? are derived from UN-l and U N -> via the following relations:
Because this algorithm deals with the data points in sequence, it is possible to calculate each U i from the corresponding Di in real time, storage of only the previous two values of U i (Ui-l and U _ 2 ) being required. This is a considerable advantage in comparison with the FFT, for which storage of all the N data points is required before analysis starts. The algorithm is also signiiicantly faster because each U ; requires only one multiplication, one addition and one subtraction (the value of Zcos 0 should be calculated before sampling starts). The disadvantage is that the algorithm only yields the quadrature components of a single frequency component and consequently accumulation of an additional term is required for each extra frequency component. However, many experimental situations use a sinusoidal stimulus and then the quadrature components of only a single frequency are usually of interest.
Our first versions of impedance spectrometers determined the amplitude A and phase # of the response at an angular frequency w by performing a general least squares fit between the Dj and the function A sin(wt +#), see Bell et al (1975) and Smith (1977) . The Goertzel algorithm is not only faster, but has the additional advantage of excellent immunity to harmonic distortion.
The simplified algorithm
It is possible to replace the multiplication in equation (3) by a subtraction and a multiplication by a power of two if 0 is chosen such that cos0 is very similar to 1-2-", where n is an integer. Equation (3) then becomes (6) Multiplication by a power of two will be considerably faster than multiplication by an arbitrary number. If performed in floating point arithmetic, it is equivalent to a n addition/subtraction in the exponent; if performed in integer arithmetic, it is simply equivalent to a binary logic shift. The simplified algorithm can thus substantially reduce the time taken to compute each U i from
Di. Multiplications are only required for equations (4)
and (5) and these occur after the N data points have been sampled and U N -l calculated; consequently they do not reduce the sampling rate. Implementation of the simplified algorithm requires integer values of p and N with their ratio
144 where
If the ratio p/N<<2n, then appropriate values of the ratio will be given by p/Nsn2("+1"2. However, for larger values of p / N it is necessary to solve equation (7) numerically. The simplified algorithm involves the substitution of q for 0 and this means that p cycles of the fitting function will not correspond exactly to the N data points, that is, the fit is made to a slightly different frequency. Table 1 gives, for each value of n, the values of p and N that produce the smallest cumulative error, N(q-0), over p cycles. It is restricted to an experimentally realistic range of n <24 and N <2". Table 1 shows that the angle q can be an excellent substitute for 0, the cumulative error for N data points, N(q-0), being zero in one case and only a few parts per million for some other cases.
Computer simulations show that A&, the error in measured phase that arises as a consequence of using the simplified algorithm, will be approximately given by A#s=N(q-O)/2. In experiments a phase error A#D will also always be introduced by errors in the analogue-todigital converter (ADC) used. Typically A#D -7x2'-"8 for an ADC with n,-bit precisionhearity. In general, only the quadrature components of the fundamental can be evaluated. However, for large values of n it is possible to evaluate simullaneously the quadrdture components at several frequencies given by 2Vfl0, where v is any integer, if additional U , are accumulated for each value of 1 ' . In most experiments the signal digitized by the ADC will contain random noise and interference in addition to the desired response. The consequent error in the quadrature components varies as N-'? It is thus desirable for LAMP to be as high as possible, because this will increase N for a given measurement interval. Examination of table 1 then allows a suitable value of n to be chosen consistent with other experimental requirements and this gives the exact value of N / p . Equation (9) then gives the necessary LAW for a given fslO. In some experiments it will be necessary to study a wide range of LlO, for example an impedance spectrometer might cover the range of millihertz to megahertz. In these situations it will be necessary to use several different values of n to cover the frequency range effectively. The three combinations (1, 1, 6}, (10, 56, 7961) and {19, 1, 3217) provide coverage over a wide frequency range with measurements occurring over a realistic number of cycles.
The simplified algorithm is ideally suited for implementation in binary logic by specialized hardware. The combination { 1, 1, 6) requires only addition and subtraction. For other combinations the required binary shift can be 'hardwired' and effectively involves no additional computation time. The simplified algorithm thus offers substantial advantages in terms of speed and circuit simplification. It has thus proved possible to construct a hardware processor for the {19, 1, 3217) combination using LS TIL logic that can handle the output of a 500 kHz, 16-bit ADC in real time (Smith and Dawes unpublished) . (Bell et al 1975) .
Although these signals can be generated by the controlling computer, a much faster approach uses specialized hardware to generate the appropriate signals without requiring processor intervention during the sampling process.
Possible methods of digital synthesis
The simplified algorithm requires that the ratiof,,,lf,,, be held at unusual integer ratios such as 505lj581, 7961156, 3217/1 and 9099/2 (see table 1) over a wide frequency range. Figure 1 shows a block diagram of a general digital synthesizer to producef,,,, andf,,,. The values 1 : needed to generate a function table containing n, words that span exactly nc cycles of the desired output waveform can be calculated using 1 : = A sin( 2 ni nc/nw) i = l , ... n, (10) %here A denotes the amplitude. The desired word is selected by a Q-bit address counter that counts modulo M and nB bits of data are passed to the digital-toanalogue converter (DAC) . The address counter is incremented by n, upon receipt of each input pulse. The following methods of synthesis are possible. (iii) Unit increments with programmable modulus uses stepping by unit increments with an address counter that is re-set after M steps. Table 3 indicates that any desired values offsrc and LAMP can be theoretically generated by each method.
However, the available semiconductor technologies place an upper limit onfs and this in turn restricts the possible combinations off,, a n d k m p for each method at high frequencies. Table 3 thus includes the maximum value off,,, that can be generated iffsaMp/fIo=N/p. For a givenfs, method (iii) is seen to give the highest value of AI, for arbitrary N , although only a factor of^ 2 is involved. The important feature is that methods (i) and (ii) will then produce a square wave (two steps per cycle), whereas method (iii) will produce a sine wave composed of N discrete steps. The use of a counter with programmable re-set (method (iii)) can thus produce a signal with less harmonic content that is consequently closer to a pure sinusoid. Figure 2 shows a digital synthesizer with the required characteristics using method (iii). The version shown uses 256K x 1 memory connected t o a serial 16-bit DAC (PCM56P) using digital opto-isolators (HCPL-2630).
The digital synthesizer
The analogue output with frequencyf,,, is consequently fully floating, that is, it is connected neither to the system earth nor to the digital electronics. This can greatly reduce noise and interference. It also allows experimental configurations for impedance spectroscopy that minimize errors due to imperfect common-mode rejection (Smith 1994 6. Discussion
Advantages
The described method for the real-time evaluation of quadrature components has several advantages. These include the following. Comparison of the three methods of digital synthesis described in the text when applied to the circuit of figure 1. Figure 2 . A schematic diagram of a digital synthesizer using an address counter that is re-set after a programmable number of increments (method (iii)). The control logic allowed the controlling computer to connect any of the 16-bit dividers to any one of the five sources f,+ Three crystal oscillators were used to give a wider choice at high frequencies, for which division ratios are small.
Method
(i) The ability ) analyse very large numbers of samples with no extra overheads in storage requirements and computational time. This is usually desirable as the signal-to-noise ratio vanes as N-'lz. This approach requires only the storage of three values of U;, whereas the conventional approach via FFT requires the storage of N values of Di prior to computation.
(ii) The ability to take measurements to a specified precision in the minimum possible time. Most experiments involve a compromise between the sampling time and the desired precision in the quadrature components. At high frequencies there is little waste of time if data are sampled over more cycles than strictly necessary for the specified precision. However, at very low frequencies (millihertz), sampling data for each unnecessary cycle takes a substantial amount of time. Use of the Goertzel algorithm allows the controlling computer to continue accumulating the U i whilst calculating the quadrature components after each new set of N samples. The sampling process can then be continued over nT cycles until the quadrature components reach the desired precision. Use of a FFT does not allow this approach because the time taken to analyse nT N samples increases with nT. It is thus not possible to select an optimal LAMP to allow the FFT to be completed between samples as this time will depend upon nT. The most precise measurements possible for a particular experiment can be obtained by using the Goertzel algorithm and continually evaluatin th quadrature components until they no longer vary with successive cycles offSIG.
(E) The possibility of real-time control of the experiment. (iv) The simplified algorithm requires no explicit multiplication and is ideally suited for hardware implementation.
Disadvantages
The simplified algorithm has the following disadvantages.
(i) The ratio of the sampling frequency to the stimulus frequency must be strictlyin the ratio of two integers as given in table 1. Measurements at high frequencies will require a specialized signal generator.
(ii) In general, only the quadrature components of the fundamental can be easily evaluated.
